A non-topological Lorentz gauge model of gravity with torsion based on Gauss-Bonnet type Lagrangian is considered. The Lagrangian differs from the Lovelock term in four-dimensional spacetime and has a number of interesting features. We demonstrate that the model admits a propagating torsion unlike the case of the topological Lovelock gravity. Due to additional symmetries of the proposed Gauss-Bonnet type Lagrangian the torsion has a reduced set of dynamical degrees of freedom corresponding to the spin two field, U (1) gauge vector field and spin zero field. A remarkable feature is that the kinetic part of the Hamiltonian containing the spin two field is positively defined. We perform one-loop quantization of the model for a special case of constant Riemann curvature space-time background treating the torsion as a quantum field variable. We discuss a possible mechanism of emergent Einstein gravity as an effective theory which can be induced due to quantum dynamics of torsion.
I. INTRODUCTION
Recently a modified Gauss-Bonnet gravity is a subject of intensive studies in constructing alternative cosmological models [1, 2] . The Gauss-Bonnet term appears also in low-energy effective action of superstring [3] which is a candidate for a consistent theory of quantum gravity unified with other fundamental interactions. On the other hand, the gauge approach to gravity based on gauging Lorentz and Poincare groups [4, 5, 6, 7, 8] can also lead to a consistent quantum theory of gravity in the framework of field theory formalism [9, 10, 11] . The extension of gravity models to the case of non-Riemannian space-time geometry reveals new possibilities towards construction of renormalizable quantum gravity with torsion [12, 13, 14, 15] . A Lorentz gauge model of gravity with Yang-Mills type Lagrangian including torsion has been developed further in [16] where it has been proposed that the Einstein gravity with a cosmological term can be induced as an effective theory due to quantum corrections of torsion. In that model the space-time metric is treated as a fixed classical field while the contortion (torsion) supposed to be a quantum field. Such a treatment of the metric is not satisfactory from the conceptual point of view since one has to assume the existence of the fixed classical * Electronic address: hniu1982@hotmail.com † Electronic address: dmipak@phya.snu.ac.kr space-time with a metric given a priori. In other words, we encounter the problem of space-time background dependence which is similar to the space-time dependence problem in superstrings. One possible way to resolve this problem is to generalize the Lorentz gauge model by extending the gauge group to Poincare one. In that case the gauge potential of Poincare group, the vielbein, becomes dynamical on equal footing with torsion. Another interesting possibility is to consider such a gravity model which assumes the existence of a pure topological phase with unfixed, arbitrary metric from the start.
In the present paper we consider a non-topological Gauss-Bonnet type gravity model with torsion and study its classical and quantum properties. We demonstrate that the model admits a propagating torsion, and this is strictly different from the Gauss-Bonnet gravity model in Lovelock form [17, 18] . The non-topological GaussBonnet gravity represents an alternative theory to YangMills type gauge model of gravity and it can provide the mechanism of emergent Einstein gravity via quantum dynamics of torsion as it was proposed recently in [16] . The main advantage of the present model is that in the absence of torsion the theory describes a pure topological phase of gravity with an arbitrary space-time metric which does not satisfy any equation of motion. The metric becomes dynamical only after inducing the Einstein-Hilbert term in the quantum effective action. It is remarkable that the torsion in our model possesses a reduced set of physical field components including a unique spin two field. So that the torsion can be interpreted as a gravitational quantum counter-part to the metric treated as a classical field variable of the effective Einstein gravity. Besides, the spin two field component of torsion leads to a positively-definite kinetic term in the Hamiltonian, unlike the case of R 2 Lorentz gauge gravity models which have the well-known non-unitarity problem .
In section II, we describe the non-topological model of Gauss-Bonnet type gravity in the framework of RiemannCartan geometry. In section III, we study the canonical structure of the model in a special case of flat space-time metric and non-vanishing torsion which plays a role of the gauge potential in Lorentz gauge field theory. The quantization of the model in a constant curvature spacetime background with quantum torsion field is considered in section IV. In the last section we discuss the possibility of generating the Einstein-Hilbert term and cosmological constant as a result of torsion radiative corrections.
II. THE MODEL
Let us start with the main outlines of Riemann-Cartan geometry. The basic geometric objects in approaches to formulation of gravity as a gauge theory of the Poincare group [4, 5, 8] 
where Λ ≡ Λ cd Ω cd is a Lie algebra valued gauge parameter, and Ω cd is a generator of Lorentz Lie algebra. We assume that the vielbein is invertible and the signature of the flat metric η ab in the tangent space-time is Minkowskian, η ab = diag(+ − −−).
The covariant derivative with respect to Lorentz group transformation is defined in a standard manner
where A m ≡ A mcd Ω cd is a general affine connection taking values in the Lorentz Lie algebra, and g is a new gravitational gauge coupling constant. For brevity of notation we will use a redefined connection which absorbs the coupling constant. The original Lorentz gauge transformation of the connection A m has the form
The affine connection A mcd can be rewritten as a sum of Levi-Civita spin connection ϕ d mc (e) and contor- 
The torsion and curvature tensors are defined in a standard way
here, R ab ≡ R abcd Ω cd . Under the decomposition (4) the Riemann-Cartan curvature is splitted into two parts
where the underlined indices stand for indices over which the covariantization has been performed.
With these preliminaries let us write down the wellknown Lagrangian of Gauss-Bonnet gravity of Lovelock type in four-dimensional space-time [17, 18] 
where β 0 is a dimensionless constant and R ab is the Riemann-Cartan curvature two-form. Since the Lagrangian is represented by a closed differential form it does not produce equations of motion, so that the torsion has no propagating modes. We will consider a model of gravity with torsion based on the following Gauss-Bonnet type Lagrangian
In a case of Riemannian space-time geometry, when torsion vanishes, the Lovelock term, (8) , reduces to the standard Gauss-Bonnet topological invariant which can be rewritten in its original form I GB , (9) , in terms of Riemann curvature (up to a normalization factor). However, it is important to stress that in the presence of torsion the Gauss-Bonnet combination I GB is principally different from the Lovelock term L Lovelock . Namely, one can check that the Gauss-Bonnet Lagrangian in the form (9) does not correspond to any topological invariant in Riemann-Cartan geometry since it can not be expressed as a total divergence. In the subsequent sections we will demonstrate that the contortion (torsion) in our model with Lagrangian (9) reveals non-trivial dynamical properties and a number of interesting features. The Lorentz gauge model described by Gauss-Bonnet type Lagrangian (9) contains two sets of variables, the vielbein and the torsion. As we will see in the next section, the one-loop effective action with a constant curvature space-time background and quantum torsion possesses additional local symmetries which reduce the dynamical content of torsion. However, beyond one-loop approximation and with no assumption of constant curvature space-time the local symmetries may not survive. So that it is not obvious whether the number of dynamical torsion degrees of freedom remains the same in general. To understand the origin of the dynamical content of torsion we consider first the classical structure of GaussBonnet gravity in the simplest case when the space-time metric is flat. In this limit the model represents a pure Lorentz gauge field theory with the quadratic Lagrangian L, (9), and contortion K bcd as a gauge potential. The Riemann-Cartan curvature represents the Lorentz gauge field strength which can be written in a standard form (we keep for the Lorentz gauge field strength the same notation as for the Riemann-Cartan curvature)
Let us consider the canonical structure of the Lorentz gauge theory along the lines of canonical formalism of theories with constraints [19] . The canonical momenta corresponding to the gauge potential K mcd are defined as follows
whereK mcd = ∂ 0 K mcd . One can check that the canonical momenta π 0cd vanish identically and represent first-stage constraints
There are other momenta, π µ0δ (we use Greek letters for space indices), which do not contain terms with time derivatives of K mcd and, due to this, they produce additional primary constraints [19] 
In Lagrange formalism it follows that the Lagrange equations of motion for the field K µ0δ are not dynamical but represent first order differential equations. These equations are solvable constraints in the theory which can be solved for K µ0δ at least in principle. So that the components K µ0δ do not represent dynamical degrees of freedom, and they can be excluded from the physical field spectrum.
The remaining canonical momenta π µγδ have the following form
These equations can be resolved to find the "velocities"
where
whereŘ abcd are defined by the expressions for the field strength R abcd with omitted time derivative terms. With this one can define an extended Hamiltonian [19] 
After inserting the functionsK µγδ , (15) , into the extended Hamiltonian H * one obtains the Hamiltonian H (1) with the partially resolved "velocities"K µγδ and first-stage constraints Φ
1cd , Φ
2µδ
where λ 0cd , λ µ0δ are Lagrange multipliers. We can see that the first kinetic term in the Hamiltonian provides a positive contribution to the energy. There is no term quadratic in momentum π µ0δ which could produce a negative energy contribution as in the case of Yang-Mills type R 2 -gravity. This is a direct consequence of the specific structure of the Gauss-Bonnet combination. Still one has a negative contribution coming from the second term in H (1) , so that the total Hamiltonian is not positivelydefined. Notice, the Weyl type Lagrangian
leads to a Hamiltonian with a non-vanishing kinetic term − π 2 µ0δ , whereas the kinetic term π One can verify that the first-stage constraints commute to each other
By direct calculating the Poisson brackets between the Hamiltonian H (1) and the first stage constraints Φ
1cd one can find the second-stage constraints
where the covariantization is assumed on underlined indices. One can calculate the following Poisson bracket
1ab } = 0.
This implies that the Lagrange multiplier λ 0cd can not be found as a solution of a new constraint. This is consistent with the fact of presence of the original Lorentz gauge symmetry due to which one can impose the Coulomb gauge condition K 0cd = 0.
The explicit expression for the second-stage constraint Φ (2) 2µδ turns out to be quite complicate. Because of this it is hard to find an explicit solution for the second Lagrange multiplier λ µ0δ as a solution of higher stage constraints. This obstacle reflects the high non-linearity of the Lagrange equation for K µ0δ . Notice that, since K µ0δ satisfies first order differential equation, it can not be set to zero. That means there is no additional local symmetries in the full Lagrangian except for the original one given by (3) . To analyze the number of local dynamical degrees of freedom in the theory it is enough to consider a free part of the Lagrangian (9)
One can verify that there are indeed only nine physical degrees of freedom corresponding to the field K µγδ . To see that, notice that the free Lagrangian has additional two types of gauge symmetries under the following transformations
where τ cd , σ cd are constrained gauge parameters satisfying the conditions
The constrained gauge parameter σ cd has six independent degrees of freedom whereas the parameter τ cd has only three independent degrees of freedom. To count the independent degrees of τ cd it is convenient to replace τ cd with its dual counter-part
This replacement allows to express the dual gauge parameter τ * cd in terms of a new vector ψ a
The definition of ψ a implies a secondary gauge invariance
which decreases the number of independent degrees of freedom up to three. So that, the total number of independent pure gauge degrees of freedom for the symmetries (24, 25) is nine. After subtracting six Lorentz gauge degrees we obtain finally nine physical degrees of freedom for K bcd in agreement with the results obtained in the canonical formalism.
In the next section we will consider the quantization of the Gauss-Bonnet gravity model in the presence of non-flat background metric corresponding to a constant curvature space-time. We will show that the number of additional local gauge symmetries will be decreased, however, the number of physical dynamical degrees of freedom remains the same.
IV. QUANTIZATION IN A CONSTANT CURVATURE SPACE-TIME BACKGROUND
One-loop effective action with a constant curvature space-time background and quantum torsion has been calculated recently in the model with Yang-Mills type Lagrangian quadratic in Riemann-Cartan curvature [16] . In this section we consider perturbative quantization of the model with Gauss-Bonnet type Lagrangian, (9) . The quantization procedure is similar to the covariant background quantization in supergravity [20] . We apply the quantization scheme based on functional integral. In background field formalism one starts with splitting the general gauge connection A mcd into background (classical) and quantum parts
In this section we identify the classical field A 
(II) the quantum gauge transformation
where ϕ m ≡ ϕ mcd Ω cd , and the restricted covariant derivativeD m is defined by means of the Levi-Civita connection onlyD
Notice that the restricted derivativeD m is covariant under the classical Lorentz gauge transformation.
In one-loop approximation it is sufficient to keep only quadratic contortion terms in the Lagrangian. After integration by part and neglecting surface terms the quadratic Lagrangian can be reduced to the form
where I GB (R) is the topological Gauss-Bonnet density (up to an appropriate normalization factor).
To simplify the analysis of local dynamical degrees of freedom in the theory with curved space-time background (within the framework of perturbative quantization) we will use adiabatic approximation. So that the Riemann curvature is supposed to be covariant constant, i.e.,D aRbcde = 0.
An interesting feature of the quadratic Lagrangian (34) is the presence of additional local U (1) symmetry
This U (1) symmetry corresponds to the symmetry (25) in the flat space-time with the gauge parameter λ ≡ σ c c . Notice, that a free part of the Yang-Mills type Lagrangian
does not possess such a local U (1) symmetry.
It is convenient to decompose the contortion into irreducible parts
For simplicity we choose the covariant constant background space-time as a Riemannian space-time of constant curvaturê
With this the Lagrangian (34) can be rewritten in the form
An unexpected feature of the quadratic Lagrangian L (2) , (39), is that it admits another local symmetry corresponding to the symmetry (25) in flat space-time limit. The symmetry is provided by the following transformations with a new constrained parameter χ bc
The field Q bcd has sixteen field components in general. After subtracting six pure gauge degrees of freedom due to Lorentz gauge symmetry and five degrees due to χ-symmetry one has exactly five physical degrees of freedom for the spin two field. The fact that we have only one physical spin two field is unexpected, and it does not occur in the gauge gravity model with Yang-Mills type Lagrangian L Y M , (36), where the contortion Q bcd contains a pair of two spin fields, one of which produces a negative contribution to the Hamiltonian.
Notice, that the last term in the Lagrangian (39) prevents appearance of the local symmetry (24). This is not surprising, because the symmetries available in the case of flat space-time may not survive in curved spacetime theory. Nevertheless, one can easily verify from the equations of motion for the vector field S a that only the temporal component S 0 is dynamical. The equations of motion for the space field components S µ represent the first-order differential equations in respect to time derivative, so that they are constraints in the theory which can be solved. This implies that the field S a contains only one dynamical degree of freedom corresponding to spin zero field.
The fact that the field S a has only scalar dynamical degree of freedom completes the analogy between the metric tensor which has spin 2 and spin 0 irreducible components and the torsion fields Q bcd , S a which have exactly six dynamical degrees of freedom corresponding to fields of spin two and zero. This can serve as an additional argument to our conjecture that the torsion represents a dynamic degree of freedom of quantum gravity [16] and the classical metric tensor inherits its properties after the Einstein gravity emerges as an effective theory via quantum dynamics of torsion. We will discuss on this in more details in the last section. Notice, we have totally nine physical degrees of freedom for the fields Q bcd , K d , S a in agreement with the analysis presented in the previous section.
Having all local symmetries of the quadratic Lagrangian one can perform the formal quantization using the standard methods of quantum field theory. First we fix the gauge under the quantum type (II) gauge transformations, (32), which can be written for the torsion irreducible fields Q bcd , K a , S a
where we keep only linear terms, that is enough in oneloop approximation. The simplest gauge fixing function we have chosen is the following
One has a simple transformation rule for the gauge function
With this one can write down the corresponding gauge fixing term and Faddeev-Popov ghost Lagrangian
wherec, c are ghost fields. For simplicity we choose the gauge parameter ξ 1 = 1. Notice, that the gauge function F 1cd is invariant under U (1) and χ-transformations, (35, 40). To fix the gauge for the local U (1) symmetry one has to introduce a second gauge fixing function which can be chosen as
The corresponding gauge fixing term and Faddeev-Popov Lagrangian have the following form
We choose a Feynman gauge (ξ 2 = 1) for simplicity. Finally, to fix the gauge for χ-transformations one can choose the following gauge fixing function
where the last equality takes place on the hypersurfaceD b Q bcd = 0 in the configuration space of functions {Q bcd }. One can easily find the corresponding gauge fixing and ghost terms
We set ξ 3 = 1 2 which corresponds to symmetric gauge.
The final expression for a total one-loop effective Lagrangian is given by the sum of all gauge fixing and ghost terms
The expression for the effective Lagrangian is ready for calculation of the one-loop effective action. The contributions of ghosts are given by scalar functional determinants which can be easily calculated in analytic form as in [16] . Calculation of the contribution produced by contortion is much more complicate due to the tensorial structure of the corresponding propagator. At least it can be estimated by using the high derivative expansion.
The propagator for the fields Q bcd , K d can be found straightforward. The principal part of such calculation is to find an inverse operator to operator G pqr bcd in the kinetic term
We prove the existence of the propagator for Q bcd by explicit calculating the inverse operator in flat space-time limit. In that limit one has
where, ≡ ∂ 2 , and we use the following rule for antisymmetrization over indices [a, b] ≡ 1 2 (ab−ba). The propagator G −1 can be defined as a right or left inverse operator to G. We will choose a left operator, i.e., G −1 G = 1. The inverse operator reads
The inverse operator to the kinetic operator G
ab ≡ 3D aDb + η abR for the field S a can be found for the nonflat space-time with a constant Riemann curvature in a complete form
The inverse operator does not have additional poles, but it has a singularity atR → 0. This is related to the fact of appearance of the additional local symmetry (24) in flat space-time limit. Notice, that the curvatureR plays the role of a mass scale which makes worse the ultraviolet behavior of the propagator. Because of this the model looks non-renormalizable within the perturbative quantization scheme. One should notice that the scalê R appears to be a natural cut-off parameter related to the finite size of the Universe. So that, the standard perturbative technique of Feynman diagrams with unlimited internal momentum inside loops needs some improvement at least. Still it is possible that the model can be renormalizable non-perturbatively, since the original Lagrangian reveals high symmetry, and, there is no dimensional coupling constants in the theory.
V. DISCUSSION
In our previous paper [16] we have proposed a mechanism of dynamical generation of Einstein gravity and cosmological term via quantum corrections of torsion in the framework of Yang-Mills type Lorentz gauge model. The main ingredient of such a mechanism is the formation of torsion vacuum condensate which we assumed to be covariant constant
where M 2 is a mass scale parameter characterizing the torsion condensate. The factor M 2 need to be positive since it corresponds to positive curvature space-time which can only be created during the vacuum transition from the trivial vacuum to the non-trivial one. Expanding the original classical Lagrangian L, (9), around the new vacuum by shiftingR abcd →R abcd + <R abcd > one obtains the following torsionless part of the EinsteinHilbert effective action
Notice, that the second and third terms in the effective action are completely identical to those in the effective action obtained from the Yang-Mills type Lagrangian [16] .
One should emphasize that even though the vacuum averaged value <R abcd > is specified by (54), the classical gravitational fieldR abcd is not constrained in general.
The last term in the equation corresponds to a positive vacuum energy density which is supposed to be born during the vacuum transition. This is consistent with the positiveness of the scale parameter M 2 and with the fact that the torsion condensate (54) corresponds to the gravitomagnetic part of the Rieman-Cartan curvature [16] .
Notice that the torsion condensate (54) is supposed to be covariant constant. Rigorously speaking, such a constant solution is unstable in general like the constant chromomagnetic field configuration in quantum chromodynamics which leads to vacuum instability [21] . One can see that the ghost kinetic operator in (48) is not positively defined. This implies existence of tachyonic mode in the theory, so that the constant curvature solution corresponds to a false vacuum, and a true microscopic vacuum should be realized by some other non-trivial solution. In this respect the search of possible classical stable vacuum solutions in Einstein-Gauss-Bonnet gravity with torsion is of great importance [22] .
In conclusion, we have considered a non-topological Gauss-Bonnet type model of gravity with dynamical torsion. The model has a number of advantages to compare with Yang-Mills type Lorentz gauge gravity. In the absence of torsion the model reduces to a pure topological Gauss-Bonnet gravity, i.e., one has a topological phase where the metric is not specified a priori. The metric obtains its dynamical content after dynamical symmetry breaking in the phase of effective Einstein gravity which is induced by quantum torsion corrections. Remarkably, the contortion in our model has only one physical spin two field which can be interpreted as a torsion quantum counter-part to the classical graviton. So that we don't have to quantize the metric which can be treated as a classical object of the effective Einstein theory, whereas the torsion (its spin two field component) could be responsible for the quantum effects of gravitation. Another interesting result is that the Hamiltonian part corresponding to the spin two torsion component is positively defined unlike the case of Yang-Mills type Lorentz gauge theory. An obvious drawback of the model is still the presence of the vector mode K d which produces a negative contribution to the energy. One possible way to remove this difficulty is to extend the model by introducing supersymmetry which supposed to be unbroken at scale near the Planckian one. Possible applications of Lorentz gauge models of gravity with Lagrangians quadratic in Riemann-Cartan curvature in cosmology of early Universe will be considered elsewhere.
